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Abstract 
Using the representation theory of groups and the theory of cyclotomic fields, in this paper 
we obtain a necessary condition on the existence of abelian difference sets. Using it we can 
exclude some possible parameters of abelian difference sets. 
The most fundamental question about symmetric designs is: which triples (v, k, 2) 
are the parameters of a symmetric design? The question is far from resolved. Certain- 
ly, (v, k,2) must satisfy (v - 1)2 = k(k - 1) and the conclusion of Schutzenbeger's 
theorem and the Bruck-Ryser Chowla theorem (see Eli or [3]). The existence of 
symmetric designs with regular automorphism groups is equivalent o the existence of 
difference sets of finite groups. In this note we give a necessary condition on the 
existence of abelian difference sets. Using it we can exclude some possible parameters 
of abelian difference sets. 
Theorem. Let G be an abelian group with a (v,k,2)-difference s t D. Set n = k - 2. Let 
d be a prime divisor o fn  such that dr" II n, where m is odd. Then for any prime divisor 
p ( ~ d) o fv  49(p)/w must be even, where w is the order o fdmodp.  
Proof. We denote the group of characters of an abelian group G by (~. By [2] there is 
an isomorphism of G onto G. We denote the image ofgl  by Zi (1 ~< i ~< v), where/.1 is 
the principal character of G. Clearly 
~ z~(gl)= v. (I) 
/= i  
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By the second orthogonality relation of characters we have 
z~(gj) = O, 2 <~ j <. v. (2) 
/=1  
Let )~ denote the character afforded by the contragradient representation f the 
representation Z~. By [2] we have 
z,(g)) = zt(gj), 1 <-% l,j <~ v, 
and 
(3) 
Z~=Z1-1, l<~l<<.v. (4) 
Let D = {gr,, .... gr~}. By Lemma 2 in [5] we have 
k k v 
E zr, 2 zr-j -- nz, + ~ Z x~. 15) 
i=1  j= l  /=1 
Let n = dnl. Let p be a prime divisor ( # d) of v. Let r/be a primitive pth root of 1. 
We denote the pth cyclotomic field by Q(q). B denotes the ring of algebraic integers in 
Q(n). 
Since (d,p) = l, (d) is unramified in Q(q) (see [4]). Let (d) = DI"'Dr, where (d) 
denotes the ideal generated by d in B, and D 1, ..., Dr are different prime ideals in B. We 
denote the residue class degree of Di by f/(1 ~< i ~< r). By Proposition 4.1 ofCh. 1 in [4] 
Gal (Q(q)/Q) permutes {Db D2, ..., Dr} transitively. Thus f l  . . . . .  f, =:f. By [4] 
f i s  equal to the order w of d rood p. Thus by Corollary 4.2 of Ch. 1 in [4] we have 
~b(p) qS(p) (6) 
r - -  
f w 
If nl # 1, then (nx) = N~Nz ...Nh, where N~ ..... Nh are prime ideals in B. Take an 
element g of order p in G. Thus Z~=~)~r,(g) ~B, and k - -  Y4= 1Z,,(g) ~ B. From (5) we get 
i=1  j= l  
Suppose that 
( ~ Zr'(g)) 
Then 
Z~(g) = Dil"'Di~ " Njl""Njc. 
j 1 
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Since (d) = D1-..Dr and (d) = (d) = D1...D, we have 
D 1...D, = DI...Dr. 
Since the factorization of an ideal in B as a product of prime ideals is unique, we get 
{Dil...Dib} ~ {Dt...Dr} 
and 
{Njl...Njc } ~_ {N1...Nh}. 
Since d" II n, where m is odd, from (7) we obtain that 
{Oi,'-'Dib} = {Dib+ D ~ l " " " i r  ~ • 
Hence r = 2b. Thus c~(p)/w is even. 
If n~ = 1, then similarly we can prove that (~(p)/w is even. 
The proof of the theorem is completed now. [] 
Using the theorem we can exclude some possible parameters of abelian 
difference sets: 
(v, k,,~0 d p qS(p) 
w 
(25,9,3) 2 5 1 
(111,11,1) 2 3 1 
(121,16,2) 2 11 1 
{39, 19,9) 2 3 1 
(201,25,3) 2 3 1 
(703, 27, 1 } 2 19 1 
(55,27,13) 2 5 1 
(1191,35, 1) 2 3 1 
(1261,36, 1) 5 13 3 
(85, 36, 15) 3 5 1 
(1561,40, 1) 3 7 1 
(1641,41,1) 2 3 1 
(575, 42, 3) 3 5 1 
(87,43,21) 2 3 1 
(199,45, 10) 5 199 1 
(95,47,23) 2 5 1 
{785, 49, 3) 2 5 1 
(169,49, 14) 5 13 3 
References 
[1] T. Beth, D. Jungnickel and H. Lenz, Design Theory (Cambridge Univ. Press, Cambridge, 1986). 
[2] C.W. Curtis and I. Reiner, Representation Theory of Finite Groups and Associated Algebras 
(Wiley Interscience, New York, 1962). 
386 W. Qiu / Discrete Mathematics 137 (1995) 383-386 
[3] E,S. Lander, Symmetric Designs: An Algebraic Approach (Cambridge Univ. Press, Cambridge, 
1983). 
[4] R.L. Long, Algebraic Number Theory (Dekker, New York, 1977). 
[5] Qiu Weisheng, A method of studying the multiplier conjecture and some partial solutions for it, 
Ars Combinatoria, to appear. 
